1.. Introduction {#s1}
================

1.1.. Motivation {#s1a}
----------------

In modern biomedical research, it is common to screen for differences between groups in many variables. These variables are often measured using the same technology and are not well characterized using a simple parametric distribution. As an example, we consider DNA methylation arrays. Methylation is an epigenetic phenomenon that can affect transcription and occurs at genomic locations where a cytosine nucleotide is followed by a guanine nucleotide, called CpG sites. High-throughput microarrays are commonly used to measure methylation levels for thousands of CpG sites genome-wide. Measurements are typically collected from a tissue that contains several distinct cell types, and at a given CpG site each cell type is typically either methylated or unmethylated ([@C21]). Arrays therefore give continuous measurements for discrete methylation states, and the resulting values are between $\documentclass[12pt]{minimal}
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}{}$1$\end{document}$, fully methylated. Figure [1](#F1){ref-type="fig"} shows the distribution of methylation measurements over individuals for three CpG sites based on data from the [@C4]. Multimodality and skewness are common; kernel mixtures are useful for modelling such complexity. Fig. 1.Distribution of methylation measurements at three CpG sites; for each histogram the vertical scale gives the frequency of occurrence among individuals.

Methylation variables share several distributional features, such as common support, common modes and common patterns of skewness. The use of kernels that are shared across variables thus not only reduces computational burden but can also improve performance. It is also natural to share kernels across groups, with the interpretation that two groups arise from the same discrete process but in potentially different proportions.

We introduce a simple, computationally efficient, and theoretically supported Bayesian method for screening using shared kernels across groups and, if appropriate, across variables. The population distribution for each variable is approximated using a mixture of kernels $\documentclass[12pt]{minimal}
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While methylation array data provide excellent motivation, our framework addresses the general statistical problem of testing for equality between two groups that are drawn from the same strata but in potentially different proportions. We argue that the method may also be useful for applications that do not have such a clear interpretation, and this is supported with theoretical results in §4.

1.2.. Related work {#s1b}
------------------

The multimodality of methylation measurements is widely recognized ([@C15]) but often not accounted for in practice. The two-sample $\documentclass[12pt]{minimal}
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}{}$t$\end{document}$-test is most commonly used to identify sites of differential expression in case-control studies ([@C3]). Alternative testing approaches are rank-based or discretize the data based on arbitrary thresholds (Chen et al., [@C5]; Qiu & Zhang, [@C20]). Other statistical models have been proposed to identify CpG sites that are hypomethylated, hypermethylated or undifferentiated with respect to normal cells (Khalili et al., [@C13]; Akalin et al., [@C1]). The focus on differential methylation levels between groups may miss other important differences between group distributions; for example, certain genomic regions have been shown to exhibit more variability in methylation, and hence greater epigenetic instability, among cancer cells than among normal cells ([@C9]).

Although our model involves finite mixtures, it is intended to be robust with respect to parametric assumptions and so is comparable to nonparametric methods. There is a literature on nonparametric Bayes testing of equivalence in distribution between groups. [@C6] used a dependent Dirichlet process to test for equality against stochastically ordered alternatives; they employed an interval test based on total variation distance, and the framework is easily extended to unordered alternatives. [@C19] also used a Dirichlet process model for multiple groups and an interval test. [@C16] and [@C10] used Polya tree priors to test for exact equality. Existing nonparametric Bayes tests do not exploit shared features among variables, in the form of shared kernels or otherwise.

If kernel memberships are known, our testing framework ([1](#M1){ref-type="disp-formula"}) is equivalent to a test for association with a $\documentclass[12pt]{minimal}
\usepackage{amsmath}
\usepackage{wasysym} 
\usepackage{amsfonts} 
\usepackage{amssymb} 
\usepackage{amsbsy}
\usepackage{upgreek}
\usepackage{mathrsfs}
\setlength{\oddsidemargin}{-69pt}
\begin{document}
}{}$2 \times K$\end{document}$ contingency table. For this there are standard frequentist methods such as Fisher\'s exact test and Pearson\'s chi-squared test, as well as established Bayesian methods (Good & Crook, [@C7]; Albert, [@C2]). In our context the component memberships are unknown and are inferred probabilistically. [@C28] addressed this as part of a series of comparisons for Bayesian mixture distributions between groups. They compared marginal likelihoods for models with and without assuming constant weights between groups. Our focus is instead on screening settings in which there are many variables, and it is important to borrow information while adjusting for multiple testing. Shared kernels facilitate borrowing of information and computational scaling, and in our implementation a shared prior for the probability of equality at each variable induces a multiplicity adjustment with favourable properties ([@C24], [@C25]; [@C17]).

2.. Model {#s2}
=========

2.1.. Shared kernel mixtures {#s2a}
----------------------------

Below we describe the general model for shared kernel Bayesian screening. Details that are specific to our implementation for methylation array data, including estimation techniques that facilitate posterior computation in high dimensions, are given in §5.

First we describe a shared kernel mixture model, to lay the groundwork for the two-group screening model in §2.2. Given data $\documentclass[12pt]{minimal}
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2.2.. Two-group screening {#s2b}
-------------------------

We extend the shared kernel model above to allow for two sample groups: $\documentclass[12pt]{minimal}
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While this article focuses on the two-group case, extensions to multiple groups are straightforward. A natural approach is to define a prior to cluster the groups. For example, we could use a Dirichlet process as in [@C8], but instead of clustering group means we would be clustering group distributions. Each cluster would then have a separate weight vector drawn from a Dirichlet distribution.

The above approach is presented in the context of shared kernels for high-dimensional screening, i.e., large $\documentclass[12pt]{minimal}
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3.. Asymptotic forms {#s3}
====================

We investigate the asymptotic forms that result from ([2](#M2){ref-type="disp-formula"}) as the number of observations tends to infinity. The proofs are given in the [Supplementary Material](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asv032/-/DC1).
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The exact asymptotic distributions given in Corollaries 1 and 2 are derived under the assumption that the component memberships $\documentclass[12pt]{minimal}
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4.. Consistency {#s4}
===============

We establish consistency of our method as a test for equality of distribution under very general conditions. The following results allow for misspecification in that the true data-generating distribution may not fall within the support of the prior. For example, $\documentclass[12pt]{minimal}
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We now give the result on consistency as a test for equality of distribution.
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Theorem 3 implies that the posterior probability of equality is consistent under $\documentclass[12pt]{minimal}
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5.. Application to methylation data {#s5}
===================================

5.1.. Data and estimation {#s5a}
-------------------------

We illustrate our approach on a methylation array dataset for $\documentclass[12pt]{minimal}
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For scalability and to borrow information across sites, we apply a two-stage procedure. First, a set of dictionary kernels is estimated. Specifically, for $\documentclass[12pt]{minimal}
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5.2.. Results {#s5b}
-------------

We run Gibbs sampling for the two-group model for all $\documentclass[12pt]{minimal}
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Figure [4](#F4){ref-type="fig"} shows the sample distributions and mixture density fits for basal and nonbasal tumours at four CpG sites. These four sites were selected to show a range of estimated differences between the distributions for basal and nonbasal tumours. In general, the estimated mixture densities appear to fit the data well. Some CpG sites with posterior probabilities $\documentclass[12pt]{minimal}
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We investigated the potential relevance of differentially distributed CpG sites by considering the expression of the gene at their genomic location. DNA methylation is thought to primarily inhibit transcription and therefore suppress gene expression. Of the 2117 CpG sites with $\documentclass[12pt]{minimal}
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6.. Methods comparison on methylation data {#s6}
==========================================

We use data from §5 to compare the power of testing methods on methylation array data. We consider the following methods: (a) the shared kernel test, as implemented in §5 but with $\documentclass[12pt]{minimal}
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We use each method to test for a difference between basal and nonbasal tumours at all 21 986 CpG sites. For comparison, we also apply each method under random permutation of the group labels separately at each site to generate a null distribution. The curves shown in Fig. [5](#F5){ref-type="fig"} are obtained by varying the threshold on the Bayes factor or $\documentclass[12pt]{minimal}
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}{}$p$\end{document}$-value, depending on the method. We compare the proportion of the 21 986 CpG sites that are identified as different with the proportion of sites that are identified as different under permutation. The proportion under permutation gives a robust estimate of the Type I error rate, so this is a frequentist approach to assessing discriminatory power. The shared kernel test exceeds other Bayesian nonparametric tests by a wide margin. It also generally performs as well as or better than frequentist approaches, although the Anderson--Darling test is competitive. Unlike nonparametric frequentist competitors, the shared kernel approach admits a full probability model to assess strength of evidence for both the null and the alternative hypotheses, which can be used in larger Bayesian models. Moreover, the shared kernel approach facilitates interpretation by modelling the full distribution, with uncertainty, for each group. Fig. 5.Proportion of CpG sites identified as different between groups plotted against the proportion of sites identified as different under permutation, i.e., the Type I error rate, for seven different testing methods: the shared kernel test (solid); the Anderson--Darling test (dashed); the $\documentclass[12pt]{minimal}
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Supplementary material {#s7}
======================

[Supplementary material available at *Biometrika* online](http://biomet.oxfordjournals.org/lookup/suppl/doi:10.1093/biomet/asv032/-/DC1) includes R code and results of the analysis in §5, as well as additional computational details and simulation studies.
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Proof of Theorem 2 {#s8}
==================

The result follows from Corollary 2.1 of [@C14]. The space $\documentclass[12pt]{minimal}
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Proof of Corollary 3 {#s8a}
--------------------
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Proof of Remark 1 {#s8b}
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Proof of Theorem 3 {#s8c}
------------------
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